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Abstract 

In this article, we study the localizaiton of the partition function 
of BPS vortices in A/" = (2, 2) U (N) super Yang-Mills theory with 
A^-flavor on M^. The vortex partition function for J\f = (2,2) su- 
per Yang-Mills theory is obtained from the one in J\f = (4, 4) super 
Yang-Mills theory by mass deformation. We show that the partition 
function can be written as Q-exact form and integration in the par- 
tition functions is localized to the fixed points which are related to 
Y-tuple one dimensional partitions of positive integers. 



1 Introduction 



The vortices in two dimensional field theory are instanton like objects and 
have finite energy and action. We can consider the partition functions of 
vortices. In supersymmetric theories with eight or four supercharges, our 
insterest is the vortices described by Bogomoln'yi equation which preserve 
half of the supersymmetries. The vortex moduli spaces in p-dimesional the- 
ories with eight supercharges are constructed in D(p-2)-Dp system in [Tj, as 
the Kahler quotient spaces. Especially, the vortex partition functions for 

= (4, 4) super Yang-Mills theories with vortex number k are U{k) gauged 
matrix model with four supercharges [T], [2]. But, it is difficult to perform 
multi- variable integrations directly in vortex partition functions. 

Another road to evaluate the vortex partitions is the reduction from in- 
stanton partition functions in four dimensional M = 2 super Yang-Mills 
theory with surface operators. The instanton partition functions with sur- 
face operators are expanded in double series with respect to vortex number 
and instanton number. When surface operators are half-EPS in U (N) M = 2 
super Yang-Mills theory, the theory on the plane where the surface opera- 
tors define becomes M = (2, 2) U{1) gauge theory with matter fields. The 
insertion of surface operators in four dimensional gauge theory correspond 
to introduction of open string in topological A-model amplitudes in toric 
Calabi-Yau 3-folds [3J which can be calculated by refined topological ver- 
tex jl]. The authors of [5J calculated abelian vortex partition functions in 
M = (2, 2) SQED by taking decouphng limit of instaton parts. 

In this article, we consider the evaluation of the vortex partition func- 
tions for A^ = (2,2) U{N) gauge theory in two dimensions with Nf = N 
fundamental chiral multiplets and with generic twisted masses. This arti- 
cle is organized as follow: In section two, we first explain the Bogomoln'yi 
equation in 2d A/" = (4, 4) supersymmetric gauge theory and present vor- 
tex partition functions. In section three, deforming the A^ = (4, 4) theory 
by adding a superpotential term and taking large mass limit, we obtain the 
vortex partition functions in A/" = (2, 2) theory. In section four, we evalu- 
ate the vortex partitions by equivariant localization method. In section five. 



1 



we also calculate K-theoretic vortex partition function from the equivariant 
character of the Kahler quotient space. In section six, we discuss our results. 



2 Vortex in Af = (4, 4) U(N) super Yang-Mills 
theories 

In this section, we review A/" = (4, 4) U (Nc) super Yang-Mills theory in two 
dimensions [6] with the number of hypermultiplets Nf = Nc = N. We can 
construct Af = (4, 4) multiplets by combining a pair of A/" = (2,2) multiplets. 
The vector multiplet in A/" = (4, 4) consists of a pair of A/" = (2, 2) superfields 
(E,$). 

S = a + iV2e+X+ - iV2e-X^ + V2e+9-{D^ - iFu) + • • • , 

$ = a + V29+\+ + v^r A_ + -^d+d-{D^ - iD^) + ■■■, (2.1) 

V2 

where S is the twisted chiral multiplet and $ is the chiral multiplet in adjoint 
representation in U{N^. Here a and a are scalars, A and A are fermions. 
D^{i = 1,2,3) are auxiliary fields. The hypermultiplet in Af = (4, 4) consists 
of a pair of Af = (2, 2) chiral superfields {Qi, Qi), (i = 1, ■ ■ ■ , Nf). 

= qi + V2e+tp+i + V2e-4j_i + e+e~Fi + ---, 
Qi = qi + V2e+i>+i + V2e-i!^i + e+e-Fi + ---, (2.2) 

where Q are chiral multiplets in fundamental representation for U{Nc) and 
Nf flavor. Q are chiral multiplets in anti-fundamental representation for 
U{Nc) and Nf flavor. 

The Lagrangian for 2d Af = (4, 4) super Yang-Mills theory with gauge 
group U{N) and N flavor consists of 

Sk = y"rf'xd^e(TrSS + Tr$e^$e-^ + Qje-2^Q, + 4V^Q,), 

Sv = j (fx(feQi^Qi. (2.3) 

We can also include the Fayet-Iliopoulos terms and the bosonic part in the 
Lagrangian becomes 

1 „ „„„ 1 „ 1 „ e2 



-'boson 



Tt(^—F,,F^^ + ^D.aD'^a + ^D.dD^^a + ^{q^qj - qjq. 



+D^q\D^q, + D^~q\D^^~q, + ~q\{a, a}q, + ■■■]. (2.4) 

When the Fayet-Ihopoulos parameter r is positive, the vacuum is unique up 
to Weyl symmetry, 

qt = V^St, qt = 0, a = 0, a = 0, (2.5) 

where we write color indices a{a = 1, ■ ■ ■ , A^) and flavor indices i{i = 1, - ■ ■ , N) 
explicitly. In this phase, gauge and flavor symmetry group breaks to little 
symmetry group 

U{N)g X SU{N)f ^ 5f/(iV)diag. (2.6) 

In this case, half-BPS equation exist which minimize the energy. This half- 
BPS solutions of equation(Bogomoln'yi equation) are deflned by 

{D.q)t = 0, (2.7) 

where we deflne covariant derivative = Di — iD2- 

The vortex instanton number is given by the flrst Chern number k] 

k = — I TiF. (2.8) 



2vr , 

The bosonic solution with vortex number-fc has action 

Sk = 27i{r + i9)k. (2.9) 

Next we consider the k-vortex partition function for = (4, 4) super 
Yang-Mills theories. In two dimensions, the vortex partition function in 
JV = (4, 4) Yang-Mills theories is constructed by k DO-branes and D2- 
branes system. This is called the vortex matrix model [2]. 

This model is obtained by dimensional reduction of A/" = 1 supersymmet- 
ric action in four dimensions to zero dimension or equivalently dimensional 
reduction of Af = (2, 2) supersymmetric theory in two dimensions to zero 
dimension. 
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This matrix model is given by 



where 

Sg = Tr(-i[v9,^]2-l[0,0]2 + [^,0][^,0] + [^,0][(^,0] + D2^/CD 
+v^(A+[(^, A+] + A_b, A_] - A+[0, A_] - A_[0, A+])) , 

TV 
i=l 

+zx/2[/t^(A_/.+, - A+/._,) + (-/.^_ - /x^A+)/,]), 

Sa = Iv(|[(^,St]|2+|[0,St]|2 + i)[S,St] 

\/2(-[yp,pl]p_ - [(f,pl]p+) - [(p,pl]p+ - [(p,pl]p+ 
+tV2[B{[pl,-K] + [pIX-]) + B\[X+,P-] + [A_,p+])]). (2.11) 

(</?, 0, 0, A, A, D) come from the 2d J\f — (2, 2) vector multiplet in the reduc- 
tion, (/j, fj,±i), {i — 1, ■ ■ ■ , N) appear through dimensional reduction of the 2d 
chiral multiplets to zero dimension, which belong to fundamental represen- 
tation of U{k). {B, p±) is the dimensional reduction of 2d chiral multiplet to 
zero dimension, adjoint representation of U{k). VX is the integration mea- 
sure. The Fayet-IUioporos parameter in the vortex matrix model is related 
to 2d gauge couphng 

C = (2.12) 

In order to decouple gravity from the gauge theories, the gauge coupling 
constant g in vortex matrix model goes to infinity. Then, the fields A and D 
become the Lagrangian multipliers and produce the constraint; 

N 

[B,B^] + Y,kll = C\. (2.13) 
1=1 

Solutions of this equation characterize the moduli space for /c- vortex 

N 

Mk,N = {(S,/,)|[i3,i3l + 5^/4 = CMM^)- (2.14) 

i=l 
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We can define the vortex partition function by using (I2.1UI) 

oo 

^^=(4,4) = 1 + ^ z^=iM) ^2.ir+^e)k_ (2.15) 
fc=l 

So far we have considered only = Nf case, but vortex partition functions 
for general = N < Nf is already given in [T] , [2] . In general Nf flavor case, 
the vortex partition functions are described by introducing additional Nf—Nc 
dimensional reduced 2d chiral multiplets to zero dimension. = 
1, ■ ■ ■ , Nf — N\. The moduli space for A;-vortex is modified to 

i=l j=l 

(2.16) 

But, for simplicity, we restrict our attention to Nc = Nf type vortices. 

3 A/^ = (2, 2) vortex partition function 

In order to obtain Af = (2, 2) vortex partition functions, we add a superpo- 
tential W^($) to the 2d theory in fl23D . 

j d^xd'^OTiW {<!>). (3.1) 

This breaks the = (4, 4) supersymmetry to = (2, 2) in two dimensions. 
The superpotential contains the quadratic term 

W{^) = M<l>^ (3.2) 

In the heavy mass limit, the bosonic part of Lagrangian in two dimensions is 
obtained by setting $ = in fl2.3p . The vacuum in Higgs branch is still given 
by 

qt = V^5t, qt = 0, a = 0. (3.3) 

Apparently, the Q fields are trivial, the vortex equation is equivalently to 
vortex for the following action 



5 



-'boson 



, V2e2 ^ 2e2 2e 



(3.4) 



This is bosonic parts of the Lagrangian for M = (2, 2) U{N) super Yang-Mills 
with fundamental chiral multiplets. 

Let us consider how the superpotential deformation fl3.2p affects the vor- 
tex matrix model (12. lip . The vortices preserve the half of supersymmetry, 
so the vortex matrix model is deformed to preserve half of the A/" = (2, 2) 
supersymmetry. As discussed in [7], in the presence of superpotential, vortex 
matrix model is deformed by adding 

= G^ + p_ JA, + (h.c). (3.5) 

Here S(°'2) comes from the dimensional reduction of 2d A/" = (0, 2) chiral 
multiplet, 

E(°'2) = - tV2e+X+ + ■■■. (3.6) 

S appears in the dimensional reduction of 2d A/" = (0, 2) fermi multiplet, 

S = p_ - y/2e+G + ■ ■ ■ , (3.7) 

where G is the auxiliary field in the fermi multiplet. 

The left moving fermions /i_,/it_,p_ and are absent in the mass de- 
formation. Moreover in the heavy mass limit, S and S'^'^'^) multiplets are 
decoupled from the vortex matrix model. Thus the vortex partition func- 
tions for A/" = (2, 2) theory consist of three pieces: 

N 



1=1 
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S'a = Tr(|[^,i?t]|2 + D[5,5t] 

-V2[ip, pI]p+ + tV2\B[pl, A_] + 5t [A_, p+]l ) . (3.8) 



The fc-vortex partition function for M = (2, 2) super Yang-Mills theory is 

^'^.^ = TTTiTTTT^^ ['^V'^^'^BVIVxVriVfi+Vp+exp{-\s'G-S'rn-S'A). 
Yo\(U[k)) J 

(3.9) 

4 Localization 

In this section, we compute the vortex partition function in = (2, 2) super 
Yang-Mills theories by equivariant localization formula for supersymmetric 
system [H], [S], [ID]- The vortex partition function given by f l3.8p is invariant 
under the following supersymmetric transformation, 

Qe^ = 0, 

Q,(p = r], Q,r] = [(p,(p], 
Q,D=[ip,x], QeX = D, 

Q,B = p+, Q,p+ = [(p, B] - eB, 

Q,B^ = -pi, Q,pl = [if,B^]~eBK (4.1) 

Here we defined i] = —i{X_ + A_)/-\/2, x = — '^(A- — A_)/v^ and rescaled 
(f —7- —\/2(p. The vortex partition function (13. 9p can be written in Q^-exact 
form. For the abelian vortex case, we can apply the localization formula 
straightforwardly. But, does not generate appropriate fixed points for 
the nonabelian case. We recall that vev of adjoint scalars in the vector 
multiplet play a crucial role to localization formula work well and generate 
appropriate fixed points in Nekrasov partition functions in A/" = 2 super 
Yang-Mills theory. The twisted masses in chiral multiplets play a role of 
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vev of adjoint scalars in the vortex partition functions at Higgs branch. We 
introduce the generic twisted masses rrii, {i = 1, ■ ■ ■ , N), then the Lagrangian 
of 2d A/" = (2, 2) super Yang-Mills theory is modified as 

Lboson 

+Df,qlD^qi + ql{a -mi,a - m*}q, 



(4.2) 



The vacuum is labeled by 



(4.3) 



The introduction of twisted mass terms also introduce twisted masses in 
vortex partitions. The supersymmetry transformation is modified as 

Qe/U+i = v?/i Qel^+i = (v^ - 'rni)Ii, 

Q^^l^ = iy^ Qj_^^ = l}(-^-m,). (4.4) 

The vortex partition function (13. 8 p can be written in Q^-exact form 
S'g = QeTr Q[y.,<^]r7 + Dx + /Cx) , 

s'm = 5^geU?(^-m*)r + rt(^_^*)^Y + rt^j^ 



i=l 



S' 



g,Tr -5t[v9, 



P 



(4.5) 



Qe is nilpotent up to infinitesimal gauge transformation and with flavor ro- 
tation. 

Let us consider the localization method. First, we introduce the vector 
field Q* which acts on the fields and generates the supersymmetry transfor- 
mation 



Q 



d 



Q 



d 



(4.6) 
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The critical points Q* = is given by 



(V?/ - mi)Iji = 0, 

{ifj -ifj- e)Bu = 0. (4.7) 

All the other fields are zero. The B and / are all zero except for -Bi,i_i 
and Ji^i, ■ ■ ■ , hN+i,N- Here fcj's are the partitions of integers {i = 

1, - ■ ■ ,N) and satisfy a relation k = J^i ^i- 

The localization formula [10] is expressed as contour integral 



1=1 ijtj 



The superdeterminant of C is defined by 







dBj 













Sdet£ = Sdet ( ^^i, ] , (4.9) 

and 

Sdet(^^ = det{A- BD-^C)det{D)-\ (4.10) 

Thus, the vortex partition function Z/^ for A/" = (2,2) super Yang-Mills 
with twisted mass terms becomes 

k k N 

^"-liT^/n-'^^din^— )n ("i) 

fc!(27r«e)'= / V^j^ ^^-^ cpj - rriiJ f_fj (pi - ipj - e 

For A"c = Nf = 1 and mi = 0, the vortex partition function becomes 



k\{2nie) 



/n^-(n^)n^S^ (-> 

This reproduces the vortex partition function of abelian fc-vortex in refined 
topological A-model amplitude of resolved conifold 0{—l) © 0{ — l) — CP^ 
in [5]. We do not directly evaluate the contour integral of ( 14. lip . Instead, in 
the next section, we calculate the equivariant character which reproduce the 
residues of flCTD [II]. 
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5 Vortex partition functions and equivariant 
character 

In this section, we calculate equivariant character of the vortex moduli spaces 
with twisted masses. This is similar to five dimensional instanton counting 
or K-theoretic instanton counting m M = 2 super Yang- Mills theory. We can 
recover the results in previous section by taking two dimensional limit. 

First, we recall the vortex moduli space M.k,N with fc— vortex number is 
represented as [12] 

Mu,N = {{BJ)\[B,B^]+n^ = ak}lU{k) 

^ {(5c,/c)}/GL(fc;C). (5.1) 

where we define the k x N matrix / = (Ji, ■ ■ ■ , I^)- We define the spaces V 
and W on which and Jc act, namely B^ E Homc(V, V), Ic G Homc(Vr, V) 
with dim^V^ = k and dimcW^ = A^. 

We define torus action Ue{l) x f/(l)^ on Aik,N- First, we introduce Ue{l) 
action on {B, I) by 

U,{l):{Bc,Ic)^{q-'Bc,Ic)- (5.2) 

According to the action of Ue{l), we modify the -Be £ Homc(V, V) ^ Q. Q 
is the one dimensional space on which f/e(l) acts, where q = e"^^ (e G R). 
Next, the action U{1)^ on the (_Bc, /c) is defined by 

f/(l)^:(5c,/c)^(5c,/cQ™), (5.3) 

where Qm = diag(e-^'"S e-^'"^^ ■ ■ ■ , e-^"^^), Q^^ = e"^'"'. 
The g G Hom(f/,(l) x U{l)^,U{k)) acts (5,/) by 

g : (5c, /c) ^ igit)Bcgitr\ git)Ic) {t = {q,Qm) G f/e(l) x U{lf). 

(5.4) 

The fixed point conditions are written by (15.21) . (15.31) and (15. 4p 

{q-'Bc, IcQm) = {g{t)Bcg{t)-\ g{t)Ic). (5.5) 
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We set the U{k) gauge transformation 

g{t) =diag(e^^^e^'^^■■■,e^^^). (5.6) 
Then, the fixed point conditions (15. 5p become 
{lPi -ifj - e)Bcij = 0, 

{ipi-mi)lcii = 0, {I = l,---,k t = l,---,N). (5.7) 

The solution of the fixed point conditions are 

ifi^ = mi + {h - l)e (5.8) 

which satisfies the fixed points conditions (14. 7p . 

We can decompose the representation space as follows 

N 



i=l 
N 

1=1 n 

with 

W, := {w e W\Q-'w = Q-]w}, 

V,{n) := {v G V\g{t)v = q^Q^M- (5-10) 

The dimensions of Vi{n) are < diml^(n) < 1. [Bcl^) which satisfy the 
fixed point conditions (15.51) define the map 

Ic-Wi^ ViiO). (5.11) 

This means that the space V is decomposed into A^-tuple one dimensional 
partitions of fcj. In the instanton case, recall Nekrasov partition for U{N) 
gauge theory is expressed by A^-tuple two dimensional partitions; namely. 
Young diagrams. 
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Next, we consider the tangent space of M.k,N- infinitesimal Ql{k; C) gauge 
transformation act, b : Ql{k; C) Hom(y, V Q) ® Hom(VI^, V) 



6:e^([e,S],/0, {^eQl{k;C)). (5.12) 

Then, the tangent space TxM.k,N of M.k,N is 

T:cMk,N = Hom(T/,y(8)Q)®Hom(iy,y)/Im6 

= Hom(V,l^® g) ©Hom(iy, V)/Hom(V,y). (5.13) 

We will use same symbols for the characters and representation spaces. The 
characters are 

N k. 



i=l li=l 

N 



i=l 

Q = q-\ (5.14) 



where we defined dim(©„yj(n)) = fcj. The character of the moduli space 
becomes 

ch{T,Mk,N) = {V* xQ-V* + W*)xV 

N ki 

i,i=l 'i— 1 
N ai hi 

i,i=l ii=l J2=l 

where we have defined Qf- = Qm^Q^- , o,i = min(A;j, fc) and bi = max(/cj — 

i 

kj, 0). Finally, we obtain the K-theoretic vortex partition functions for U{N) 
J\f = (2, 2) super Yang-Mills theory is 



oo N ai bi 

r.M=%2) _ 2n{r+te)k TT TTTT — 

^K-theoretic " ^ ii ii il 



k......k..k.,j.tiii^ (1 - Q^^<^'^^'-')^ - Q^-^^) ■ 

(5 
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When we take the two dimensional hmit, /3 — ?■ with Q^, = e and 
q = e~^^ and rescale Z^^n by /3. Then, we obtain the residues of (14. lip 

oo N ai ba -I 
2^={2,2) ^ ^2nir+ie)k ^ H 11 11 



k=0 fciH hfcjv= 



1,1=1 H — ^ Jd — ^ 



where we have defined m--- = nii — m-^. For example, in abelian vortex case, 
the vortex partition function becomes 



oo k ^ 



A;=0 

,g27r(r+j0) 



- It 



exp(^^ ). (5.18) 



6 Discussion 

We have calculated the vortex partition oi M = (2,2) U (N) super Yang-Mills 
theory with fundamental chiral multiplets. The introduction of twisted 
mass terms break the non-abelian symmetry to collection of f/(l)^ sym- 
metry. Thus, our results is the collection of A^-tuple abelian vortex rather 
than purely non-abelian vortex. Moreover, the localization with twisted mass 
terms works well in the case of Nc = Nf. How the vortex partitions become in 
the general fiavor cases Nc < Nf 7 When the gauge group is U{1), [5] obtain 
general Nf fiavor vortex partition functions by refined BPS state counting 
and they also reveal the vortex partition function for U{1) gauge group with 
Nf fundamental chiral multiplets is related to J-function of CP^f~^; the gen- 
erating function of genus zero Gromov-Witten invariants for <CP'^-t~^ up to 
appropriate parameters identification. At strong coupling limit — > oo, the 
vortex moduli space for U{Nc) super Yang-Mills with Nf fiavor becomes the 
moduli space of holomorphic maps from the complex plane C to the grass- 
mann manifold Gt{Nc, Nf) [T^. Rouhgly speaking, we can regard tht the 
vortex partitions functions is the geometric index(or volume) of the moduli 
space of holomorphic maps. So we expect to the purely non-abelian vortex 



(5 
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partition functions for U {N^) gauge group with Nf fundamental flavor is re- 
lated to the J-function for the grassmann manifold Gt{Nc, Nf), [13], [H], 
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